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1 Introduction. 



In the last few years, quasi triangular Hopf algebras or quantum groups have 
attracted a lot of attention from physicists. One of the most interesting 
features is that such structures can be related to underlying symmetries on 
spaces where the coordinates are noncommutative. Promoting these coordi- 
nates to functions, it has been shown that it is possible to write down an 
action for such fields that, when added to the action of a commuting field, 
has a symmetry resembling supersymmetry. Quantum groups can help us to 
understand the transformations on such fields and the action invariances. 

Symmetry has always played an important role in theoretical physics in 
helping to reduce a problem with many variables to a more tractable size. The 
basis of the method built on Bethe Ansatz is to diagonalize the Hamiltonian 
along with an infinite set of constants of motion. In some cases the ocurrence 
of this infinite set of constants of motion is related to the appearance of 
a new kind of symmetry, the quantum group symmetry. This nourishes 
the hope that, by relaxing the demands usually made on the structure of a 
symmetry group, and allowing the wider class of quantum groups, one can 
benefit from symmetry considerations in new situations, where a symmetry 
in the traditional sense is simply not present. 

We model physical systems where the variables at the lattice sites take 
values so that the operators acting on them are matrices of dimension four 
by four and complex entries. 

For some subclass of conformal integrable systems; well-know examples 
are given by the minimal models, the WZW models and Liouville-Toda the- 
ory, the underlying symmetries are indeed known to be given by quantum 
groups. However, in spite of extensive studies, our understanding of the 
quantum group symmetry in these theories is still somewhat incomplete. We 
also think that there are realizations of the quantum group symmetry in 
nature. 

The adjoint inner actions studied here are also called spectrum generating 
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quantum group. So, we are classifying all possible roles of GL 2 as a spectrum 
generating algebra for C (1, 3). These inner actions have been used as a gauge 
transformation H — > B in quantum group gauge theory. Here B is the space- 
time algebra and H the coordinate ring of the gauge group. 

Quantum GL n are unique because they are related with g-Schur algebras 
[0], hence Hecke algebras and the representation theory of finite general linear 
groups. In fact the representations of quantum GL n provide the connection 
between the classical theory of polynomial representations of infinite general 
linear groups and the representation theory of finite general linear groups 
in the non-describing characteristic case; obviously if we take q to be 1, we 
are in the classical case. In this limit the representation theory of Dipper- 
Donkin quantum groups is equivalent to the representation theory of g-Schur 
algebras. From this follows that the importance of this paper is to gain 
an understanding of the g-Schur algebra as a global symmetry for quantum 
chains. We remark that the Dipper-Donkin quantum group are not special 
cases of the well known Manin's construction. There is one fundamental 
difference: the Dipper-Donkin quantum determinant is in general not central. 

Weyl and Clifford algebras are at the heart of quantum physics. The most 
useful of them are those endowed with definite transformation properties 
under the action of some symmetry group. The idea that quantum groups 
could generalize Lie groups in describing symmetries of quantum physical 
systems has attracted much interest in the past decade. 

In this paper we study the inner action of the Dipper-Donkin quantum 
group on the (7(1,3) algebra, namely the algebra generated by the Dirac 
matrices, as a testing ground for applications of quantum group symmetries. 
We search for the corresponding operator and invariant algebras in order 
to have additional information to propose Hamiltonians for quantum chains 
with this global symmetry. Interpreting the quantum group as a gauge group, 
one would consider only the invariant elements as observables. The rest of 
the algebra would then be an algebra of unobservable fields, whose function 
in the theory is to describe operations changing the superselection sector 
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(creating charge). Besides, we are interested in some fundamental questions. 
Can a quantum chain have global symmetry given by a quantum group with 
no central but group-like determinant? and what would it be the meaning 
of this? 

We address here the first question and study (as a particular case) four 
states quantum chains. We are able of showing all possible, non-trivial Hamil- 
tonians for this system, with Dipper-Donkin global symmetry. 

Having discovered all the Hamiltonians which are invariant under the 
Dipper-Donkin quantum group for four states quantum chains, we think of 
these, as systems whose energy eigenstates organize into GL 2 multiplets, with 
no energy splitting among members of the same multiplet. This is done in 
spite of the fact that the GL 2 determinat is group-like as it should, but not 
central to the algebra, as it is the case. 

2 Dipper-Donkin algebra. 

The algebraic structure of Dipper-Donkin quantization GL 2 [|IJ is generated 
by four elements cy, 1 < i,j < 2 with relations which can be presented by 
the following diagram. 




C21 C 22 



Figure 1. Diagramatic representation of 
Dipper-Donkin algebra. 1. 
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Here we denote by arrows x — > y the "quantum spinors" ( or generators 
of the quantum plane ||) xy = qyx. By straigth line x — y we denote the 
"classical spinors" xy = yx and by dots x ■ ■ ■ y a classical spinor with a 
nontrivial perturbation ||, xy — yx = p being p=(q — l)ci 2 c 2 i. 

In this algebra the quantum determinant d = C11C22 — C12C21 is noncentral 
and group- like. This, in contrast with Manin's approach [0]. A group-like 
element d, in a Hopf algebra, is such that Ad = d ® d and e(d) — 1. In any 
Hopf algebra every group-like element is invertible, therefore the quantum 
GL2 includes the formal inverse d~ x . 

The coalgebra structure is defined in the standard way for all quantiza- 
tions and the antipode S is given in reference [1]. 

As we know, the Clifford algebra C(l,3) is generated by the vectors 7^, 
/i = 0, 1, 2, 3 with relations defined by the form g liv =diag{\, —1, —1, —1), as 
follows: 

Iplv = 9 '[iv T 'Jfiv, ^ixv = 7^£t; 

i P i^ = g piii v - gpviv + ippu, 
ixl pm P = gx^iiup - gxuipp + gxpipu + ixpu P - 

This algebra is isomorphic to the algebra of the 4x4 complex matrix and it 
includes the basis of matrix units reported in reference [f|; e^, 1 < i, j < 4, 
among others. 

An action of GL 2 on C(l, 3) is uniquely defined by actions of c^- on the 
generators of C(l,3)@§; 

Cij ■ lk = fijkilo, 7i, 72, 73), (1) 

where are some noncommutative polynomials in four variables. 

For every action ■ there exist an invertible matrix M = f mu 
G C(l, 3)2x2, such that 
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where "J "J =M _1 

(see Skolem-Noether theorem for Hopf algebras 

\ m n m 12 / 

The action • is called inner if the map c^- — > rriij defines an algebra 
homorphism if : GL 2 — > C(l,3). Since the algebra C(l, 3) is isomorphic to 
the algebra of 4 x 4 matrices, the homorphism C(l, 3) defines (and is defined 
by) a four dimensional module over (the algebraic structure of) GL 2 , or, 
equivalently, a four dimensional representation of GL 2 . 

If v 9 ( c i2C2i)=0, then by definition in Figure 1 the representation ip is 
given for an essentially more simple structure, generated by two commuting 
"quantum spinors" (c 2 i,Cn) and (c 22 ,Ci 2 ). In the case when ^(c^Qji)^ we 
say that the inner action defined by <p has nonzero perturbation. 

If we add the formal inverse , then the algebraic structure of Dipper- 
Donkin quantization GL2 is generated by the elements in the following dia- 
gram. 




Figure 2. Diagramatic representation of 
Dipper-Donkin algebra. 2. 



From here, it follows straightforward that, up to invertibility of Cn, the 
algebraic structure of GL 2 can be considered like a tensor product K <g> K 
where K is the quantum plane. 

We say that the representation of the g-spinor xy=qyx, x — > A, y — » B 
is admissible if there exists C such that x — > C, y — > B and x — > C, y — > A 
are also representations of g-spinor with CB 7^ 0. In other words it means 
that d —>■ A, C12 — > B, c 2 \ — > C is a representation of the subalgebra of GL 2 , 
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generated by d, c\ 2 , c 2 i with CB 7^ 0. 

Following the method already developed for studying the actions of GL q (2, C) 
on the Clifford algebra C (1, 3) || we can construct all inner action of Dipper- 
Donkin quantization on this Clifford algebra, provided q m 7^ 1. We also can 
provide with the corresponding operator algebra K (namely the image of the 
representation) , the algebra of invariants I which is equal to the centralizer 
o/3? in C(l,3), and the perturbation of the representation j^j. We define 
Cij — > Cij to be a finite dimensional representation of the quantum GL 2 . 

Here, we summarize the method used in |4]] and |5j to find and classify all 
possible inner actions of GL q (2,C) and GL 2 on C(l,3). The Hopf algebra 
GL q (2, C) is made out of g-spinors, classical spinors and a kind of perturbed 
spinors. The first and second types of spinors are defined as it is shown 
in this paper. For the perturbed spinors; in GL q (2,C), we consider p = 
(q ~ Q ^On^i meanwhile p = (q — l)ci 2 c 2 i for GL 2 . Actually, GL q (2,C) 
can be presented as follows 



On <- 



&21 a 22 



(2) 



Figure 3. Diagramatic representation of GL q (2,C). 



Being an, ai 2 , a 2 i, a 22 , d _1 generators of the algebra. Here d=ana 22 — 
gai 2 a 2 i. By arrows we again denote g-spinors, by the straight line commuting 
elements (classical spinors) and by dots, perturbed spinors. 

For any Hopf algebra that can be presented in terms of combinations of 
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g-spinors, classical spinors and perturbed spinors (whatever the definition of 
perturbed spinors is), we can use our method to find and fully classify all 
inner actions on any given algebra. So far we have used C (1, 3) as a particular 
example on which GL q (2, C) and GL 2 are acting but we want to stress that 
our method allows us to use any other algebra. We choose C(l,3) since we 
want to have a realization isomorphic to the algebra of 4x4 complex matrices, 
having in mind further applications in quantum field theory. Moreover, in 
this paper some results are given in terms of matrix units. 

At first, we study all possible g-spinor representations on C(l, 3) such that 
<7 3 > Q 4 7^ 1 an d analize the equivalence of representations. Then, we simplify 
the algebraic structure of GL q (2,C) by defining an auxiliary algebra. Form 
this, we find the representation of SL q (2, C) (provided q m ^ 1) and connected 
GL q (2,C). § 

Our classification scheme uses this connection and follows straightforward 
[El]. The operator algebras, the quantum determinants and the invariants of 
the corresponding inner actions can also be presented. Two of these given 
representations are equivalent if and only if they are equal to each other. 
Form this, we learn that, for GL q (2,C), the quantum determinants are the 
only quantum invariants. 

The Dipper-Donkin algebra GL 2 is also generated by g-spinors, classical 
spinors and a perturbated spinor, like GL q {2, C). Our method can be applied 
with some extra conditions coming from the particular structure of GL 2 [[§]. 
Following the steps reported above we find, for GL 2 , that the corresponding 
algebra of invariants equals the centralizer of coefficients of M. By definition, 
the centralizer commutes with all elements of the algebra, thereby defining 
Hamiltonians with conserved energy. 

Whenever the algebra of invariants is in the field (complex for our case) 
the Hamiltonian obtained is trivial. Besides, if and only if / 6 9ft the corre- 
sponding Hamiltonian can be defined, since this can be writen in terms of 
the generators for GL 2 . In any other case the invariant algebra cannot be 
used to construct Hamiltonias of a quantum chain. 
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3 Quantum chains with global Dipper-Donkin 
symmetry. 

In this Section we learn about global quantum group symmetry. Although 
this does not lead straightforward to integrability, we hope to be able of 
giving some additional information related to this subject. 

A method to construct quantum chains with symmetry associated to the 
algebra of functions on a particular quantum group has been recently used, 
for q being root of unity JTIJ. 

In this section we address the role of the Dipper-Donkin quantum group 
as a global symmetry and show that, contrary with general believe ( see e.g. 
[PH), the mixing of the generators in the coproduct of the corresponding 
coalgebra of a quantum group is not sufficient condition to construct a non 
trivial Hamiltonian for quantum chains. See, for instance, the constructions 
shown in references [IT], [ I3 | and [13 . 



A quantum chain with global quantum group symmetry can be defined 



as follows jni, [111] ; to each site j— 1, L of the chain, we assign a repre- 



sentation TTj. We write the Hamiltonian 

L-l 

H = ^id® ... ® zcf ® Hj®id® ...®id, 

where Hj acts on sites j and j + 1 as 

tf, = fa ® 7r,- + i) [Qj(A(C))]. 

Here j denotes the site of the lattice, C is a central element of the algebra, by 
Tij we mean a representation for the algebra and Qj is a polynomial function. 

Let us study, at first, when q is root of unity. In this case, this polynomial 
function can be taken of degree d < p where the integer p is characterized by 
the value of q (q p =l) as is done in references jllj and [ p"T|j . 

If q is a root of unity (q p = 1), all the elements cf,- are central. In this 
case, one can uniquely define a state |0) which is a common eigenvector of 
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C22 and C21 with eigenvalues a and a (3 (a and (3 being arbitrary constants), 
respectively. Then we build the space V as the linear span of the vectors 
\ n ) = c i2 <p — 1. We can show that V is an invariant vector space 
under the action of the Dipper-Donkin quantum group. Thus, we construct 
iTj as follows 

Cu\n) — |n+ 1) for n < p — 1 C22 = oc\n) 

Cn\n) = (3\n + 1) for n < p — 1 Ci 2 \p — 1) = 77 1 0) 

C21 | n ) = q* a p\n) c n \p - 1) = /fy|0). (3) 

Here 77 is the central value of cf 2 - All the parameters are independent. 

We would like to remark that, in spite of the mixing of the generators in 
the coproduct for the Dipper-Donkin algebra which has the same structure 
than the coproduct defined for GL q (n), the Dipper-Donkin algebra leads only 
to trivial Hamiltonians (proportional to the identity). This is true, even for 
the two states quantum chains for which it is known that a GL q (2) global 
symmetry can be implemented |I0[ . 

Now, let us study the case q m 7^ 1. We introduce here an alternative way 
to build up Hamiltonians with Dipper-Donkin quantum global symmetry. 
Since for any Dipper-Donkin quantum group the quantum determinant is 
group-like but not central and the invariants / are central, we can define a 
Hamiltonian as follows 

Hj = fa 7^+0 [Q^ACI)]. 

Our method works only for q m ^ 1. Here Qj is any polinomial function. 

We propose, as a particular case, to study the Dipper-Donkin algebra like 
a global symmetry of four states quantum chains. This is done by searching 
all possible finite dimensional representations of the Dipper-Donkin group on 
the algebra of 4x4 complex matrices on which a well defined coproduct for the 
algebra of invariants can be applied. Here 7ij is one of a this representations. 

In next Table we give the full set of all possible inner actions that, being 
non trivial, are in the operator algebra 3ft; thereby properly defining A(J) and 
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a corresponding Hamiltonian. Each particular case provides a Hamiltonian 
with quantum Dipper-Donkin global symmetry for a four states quantum 
chain. An important result of this paper is that for all the cases reported 
in next Table the Hamiltonians for four states quantum chains with Dipper- 
Donkin global symmetry have the unique form Hj = {jij <g> TTj + i)[Qj(A(Ajd-\- 
B jC u + CjC 22)} being A,-, Bj and Cj some constants also given in the Table. 
This, together with the representation of the GL 2 generators, straightforward 
leads to a Hamiltonian writen in matrix units, Dirac gamma matrices or 
"mass" (ra±=(l ± 70) /2) and "spin" (s-|-/j=(l ± ryi 2 ) /2) operators. 

Let us now introduce some concrete examples for each case (namely par- 
ticular form of the quantum determinant). To reach this goal we obtain at 
first (itj <g) ■K j+ i)[Qj(A(Cii)]. Explicitly, 

(tTj <g> Tr j+1 )[Qj(A(Cn ® C n ) + Qj(A(C 12 <g> C 21 )\ = 

KjlQiiCu] <g> 7r j+ i[Qj(Cii] + Hj [Qj{C\ 2 \ ® vr j+1 [Q i (C 21 ]. 

We consider the simplest case and take Qj to be lineal. 

In a similar way we get (71 j <g> 7Tj + i)[(5j(A(C 22 )]. Explicitly 

(ttj <g> 7r j+ i)[gj(A(C2i <g> C12) + Qj(A(C 22 ® C 22 )] = 

Again we consider the simplest case and take Qj to be lineal. At last, we 
obtain (7^ <g> 7r,-+i)[Qj(A((Z)]. Explicitly 

(Trj^Trj+Ofg^A^Od)] = 

7r j [g j -(CnC 2 2)] ® 7r j+ i[g j -(CiiC 2 2)] - ^-[Q^CnC^)] <g> 7r J+1 [g j (C , i 2 C 2 i)]- 

^■[Q^CiaCai)] <g> TTj+itQ^CnCaa)] + tt,- [Q^C^C^)] <g> 7r i+1 [Q,(C 12 C 21 )]. 

As usual, we consider to be lineal. 

We are now ready to present concrete examples. 
CASE 2.2) 

Hj = (m+s-f + Oj-m+Sj + j3jm^s^ + 7jTO_S|) ® 



11 



(m + s T + a j+1 m + s l + /5 i+ im_s T + 'y j+1 ms l ) 

CASE 3.5) 

= (q 2 /ajm + s^ + q 2 /ajm + si + m_s T + m_S| - g 2 /a 2 m + (7i + 272)73/2) ® 

(g 2 /«i+i m + s T + <? 2 /«j+i m + s l + ™-«T + m - s l - <? 2 /«i+i m +(7i + 272)73/2) 
CASE 4.4) 

(a^m+sj + q 2 m + si + gm_sj + m_S|)(g>(o,- + im + Sj + q 2 m + si + gm_sj + m_S|) 
+Sj (^-m+Sj- + gm + Sj + gm„S| + m_SjJ(g)(5j + iTO + Sf + qro + Sj + gm_sj + m_sj 

- J B i 7 j/ 3 i+ im + (7i - i7 2 )/2 <g> m_(-7i + 272)73/2+ 
Cj (aj/5-,-m + S| + qm + si + m_Sf + m_SjJ(g)(a!j+i/(5j + im + Sf + qm + si + gm_S| + m_ 
-Cj7j+i/3jm_(-7i + 272)73/2 <g> m+(7i - i7 2 )/2. 

CASE 5.5) 

Hj = (q 2 f3jm + s^ + q 2 /3jm + si + q 2 f3jm_s^ + Sjin^si + fym+^i + 272)73/2) ® 

(g 2 /3 j+ im + s T + g 2 /3 j+ im + s i + q 2 (3 j+1 m^s^ + 5 i+i m_s i + /3 j+ im+(7i + 272)73/2) 
CASE 6.10) 

Hj = Aj (q 2 m + s^ + qm + si + m_s T + m_S| + m_(7i + 272)73/2) <g> 

(q 2 m + s^ + qm + si + m_S| + m_s^) — 

Bj(l + m_(7i + 272)73/2 ® (1 + m_(7i + 272)73/2+ 

(7j (g 2 m + Sj + gm + Sj + m_sj + m_sjj ® (q 2 m + s^ + qm + si + m_S| + m_Sj) 

From these concrete examples it is straigthforward to see that the Hamil- 
tonians we have introduced are somehow related with Ashkin- Teller model 
written in terms of Ising spin; namely with each site 2 we associate two spins 
(in our case, m± and Sf/j). 
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Some additional standard symmetries can also be identified. For example, 
in CASE 3.5), there is an invariance under the transformation s-j— >S|. 

Finally, in next Table, we explicitly show all the inner actions of GL2 
on C(l,3) which can provide with non trivial Hamiltonians for four states 
quantum chains with Dipper-Donkin quantum global symmetry, the operator 
algebra dt, the algebra of invariants / and the value of the coefficients A,-, Bj 
and Cj in the unique expression for the corresponding Hamiltonians. In all 
the reported cases the perturbation is zero. 
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CASE 1) d=diag(q z ,q, 1,1) 



CASE 1.1) 


C12 = aei2 + /3e 2 4 
C 21 = 
Cn = 1 + e 34 
C22 = g 2 en + ge 22 + e 33 + e 44 - e 34 


3? = 


/* * 0\ 
* * 
e * 

\0 e) 




dimM 
6 

diml 
2 


I = 


fa 0\ 
a 
a 7 

v a) 




A, = C j = 


CASE 1.2) 


C12 = 

C 2 i = ae 2 i + /?e 32 

C11 = en + g _1 e 2 2 + g~ 2 e 33 + g~ 2 e 44 + e 34 
C 22 = g 2 l - g 4 e 34 




/* 0^ 
* * 
* e * 

\0 ej 




dimM 
6 

diml 
2 


I = 


(a ON 
a 
a 13 

\0 aj 




A, = 5, = 


CASE 1.3) 


C12 = aei2 
C 2 i = /?e 32 

Cn = en + e 22 + g _1 e 33 + g _1 e 44 + e 34 
C22 = q 2 en + qe 22 + qe 33 + <?e 44 - g 2 e 34 




/* * 0\ 
0*00 
* e * 

V0 e) 




dimM 
6 

diml 
2 


I = 


fa 0\ 
a 
0a/? 

V0 a) 




^ = — Cj = — aq 1 
Bj = a 
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CASE 2) d—diag(q ' , q, 1) 



CASE 2.1) 


C12 = gA(5ei 3 
C21 = <5e 43 
Cn = en + ae 22 + e 33 + g _1 e 44 
C22 = g 2 en + ga _1 e 2 2 + ge 33 + ge 44 
a ^ 1 


9fc = 


/* * 0^ 
0*00 
0*0 

vo * *y 




dimM 
6 

diml 
2 


7 = 


/a ON 
0/300 
a 

V0 aj 




J J q—l 

B j = a 


CASE 2.2) 


C12 = 0; a + (3 + 7 + 1 
C 21 = 

C11 = en + ae 2 2 + /3e 33 + 7e 44 

C 22 = q 2 e n + ga~ 1 e 22 + g/3 _1 e 33 + 7 _1 e 44 


ft = 


/* 0^ 
0*00 
0*0 

\0 *) 




dimM 
4 

diml 
4 


7 = 


(a 0\ 
0/300 
7 

Vo 5) 




Aj = Cj = 


CASE 2.3) 


Ci 2 = 0; a ^ /3 
C 2 i = 

Cn = en + ae 22 + /3e 33 + 7e 44 
C22 = g 2 en + § e 22 + f e 33 + 7 _1 e 44 




/* 0^ 
0*00 
0*0 

Vo *) 




dimM 
4 

diml 
4 


7 = 


(a 0\ 

0/300 
7 

Vo 5) 




Aj = Cj = 
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CASE 2.4) 


C 12 = 
C 2 i = 

Cn = en + ae 2 2 + «e 33 + /3e 44 + e 23 
C 22 = g 2 en + f e 22 + f e 33 + ±e 44 - ^e 23 


3? = 


f* 0\ 
e * 
e 

Vo *) 




dimM 
4 

diml 
4 


7 = 


fa 0\ 
7 5 
7 

\0 /?/ 




^ = = 


CASE 2.5) 


C12 = gA<5ei 3 
C 2 i = <5e 43 

Cn = en + e 22 + e 33 + g _1 e 4 4 + e 23 
C22 = q 2 en + ge 22 + ge 33 + ge 44 - ge 23 




f* * 0\ 
e * 
e 

{0 * * J 




dimM 
6 

diml 
2 


I = 


0^ 
a 
a 
V0 aj 




= a 


CASE 2.6) 


C 12 = 

c 21 = o 

C11 = en + ae 22 + ae 33 + [3e 44 + e 23 
C22 = Q 2 e n + * e 22 + f e 33 + ie 44 - ^e 23 


3? = 


f* 0^ 
e * 
e 

Vo * y 




dimM 
4 

diml 
3 


I = 


fa 0\ 

/3 7 
0/30 

\o «y 




A, = fl,. = 
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CASE 3) d=diag(q z , q z , q, 1) 



CASE 3.1) 


Cn = aei3 + 7e 34 
C 21 = 
Cn = 1 + eia 
C22 = g 2 en + g 2 e 22 + e 33 + e 44 


3fc = 


/ e * * * \ 
e 
* * 

\0 *) 




dimM 
7 

diml 
2 


7 = 


fa (3 0^ 
a 
a 

{0 a) 




A 3 = C j = 


CASE 3.2) 


C12 = 7e34 
C 2 i = /9e 32 

Cn = ge n + ge 22 + e 33 + e 44 + e i2 
C22 = gen + ge 22 + ge 33 + e 44 - e 12 


ft = 


fe * 0\ 
e 

* * * 

Vo *) 




dimM 
6 

diml 
2 


I = 


fa (3 0^ 
a 
a 

i0 




^ = — Cj = — g 1 ct 
= a 


CASE 3.3) 


C12 = 7e34 
C21 = 

Cn = ae u + ae 2 2 + e 33 + e 44 + e 12 

2 2 2 

C22 = ^en + ^e 22 + ge 33 + e 44 - ^e 12 




fe * 0\ 
e 
* * 

Vo *) 




dim^R, 
5 

diml 
3 


I = 


//3 7 0^ 

o/?oo 

a 
VO a) 




A,- = Cj = 
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CASE 3.4) 


C12 = /3e 23 
C21 = 7e43 

Cn = aen + ge 22 + <?e 33 + e 44 

2 

C22 = ^en + ge 22 + e 33 + e 44 


3? = 


(* 0\ 
0**0 
0*0 

{0 * *) 




dimM 
6 

diml 
2 


7 = 


fa 0\ 
0/500 
0/50 

\0 p) 




Aj = —Bj = —q 1 a 

Cj = a 


CASE 3.5) 


C12 = 

C21 = 7e43 

Cn = aen + ae 22 + ge 33 + e 44 + e 12 

2 2 2 

C22 = ^en + ^e 22 + e 33 + e 44 - ^e 12 




(e * 0^ 
e 
0*0 

\o * *) 




dimM 
5 

diml 
3 


I = 


(P ip 0\ 
0/500 
a 

{0 a) 




Aj =B,=0 


CASE 3.6) 


C 12 = ae 13 
C 2 i = ie 43 

C n = qe u + ae 22 + ge 33 + e 44 

2 

C 22 = gen + ^e 22 + e 33 + e 44 


ft = 


(* * 0\ 
0*00 
0*0 

{0 * *y 




dirndl 
6 

diml 
2 


I = 


(a 0^ 
0/500 
a 

^0 a) 




Aj = —Bj = —q 1 a 

Cj = a 
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CASE 3.7) 


C12 = ae 13 
C 2 i = 7e43 

Cn = ge n + qe 22 + <?e 33 + e 44 + ei 2 
C22 = qeu + ge 22 + e 33 + e 44 - e i2 


3? = 


f e * * 0\ 
e 
* * 

{0 *) 




dimM 
6 

diml 
2 


/ = 


fa (3 0^ 
a 
a 

V0 a) 




= — Cj = —q 1 a 
Bj = a 
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CASE 4) d=diag(a 1 g 2 , 1) 

a^O : q-\l,q : q 2 ,q 3 



(^AoHj 4.1J 


C 12 = 

C 2 1 = 7 e 32 + /3e 43 

Cn = <fen + g 2 e 22 + <?e 33 + e 44 

C22 = fen + e 22 + e 33 + e 44 




/* 0^ 
0*00 
0**0 

VO * *j 




dimM 
6 

diml 
2 




/p 0\ 
7 
7 

\0 7/ 




A, = B 3 = 




C12 = /3e 23 + 7e 34 
C 21 = 
C11 = <5en + e 22 + e 33 + e 44 
C22 = fen + g 2 e 22 + ge 33 + e 44 




/* 0^ 
0**0 
* * 

VO *) 




dimM 
6 

diml 
2 




^7 0^ 
0/300 
0/30 

{0 p) 




A, = Q = 


CASE 4.3) 


C12 = /3e 34 

C21 = 7e32 
Cn = <fen + qe 2 2 + e 33 + e 44 
C22 = fen + ge 22 + ge 33 + e 44 




/* 0^ 
0*00 

* * * 

VO *) 




dimM 
6 

diml 
2 




H 0^ 
0/300 
0/30 

Vo p) 




^ = -Cj = -<r x P 
B 3 =p 
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CASE 4.4) 


Cl2 = 7 e 23 

C 2 i = /3e 43 

Cn = 5en + qe 2 2 + <?e 33 + e 44 
C22 = fen + ge 22 + e 33 + e 44 


/* 0\ 
0**0 
0*0 

\o * */ 


dimM 
6 

diml 
2 


H 0^ 
0/300 
0/30 

\o /^y 




Aj = -Bj = -q~ x p 
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CASE 5) d=diag(q , g , 1) + ei2 



CASE 5.1) 


C 12 = 
C21 = ae 43 

C11 = ? 2 /5en + g 2 /3e 22 + <?7e33 + 7e44 + /5ei 2 
C 22 = /9 _1 eii + /9 _1 e 22 + g7 _1 e 33 + 7 _1 e 44 


3? = 


(e * 0^ 
e 
0*0 

^0 * *) 




dimM 
5 

diml 
3 


J = 


fp 1 0\ 
0/300 
a 

V0 a) 




A? = ~lB 3 - T 1 C j 


CASE 5.2) 


C12 = ae l3 + (3e u 
C 21 = 

Cn = g 2 e n + g 2 e 22 + g 2 e 33 + g 2 e 44 + ei 2 
C 22 = en + e 22 + g _1 e 33 + g" 2 e 44 


9£ = 


( e * * \ 
e 
* * 

{0 * J 




dimM 
6 

diml 
2 




fa (3 0^ 
a 
a 

^0 a) 




^ = Cj = 


CASE 5.3) 


C12 — «e 34 
C21 = /3e 32 
Cn = g 2 en + g 2 e 22 + ge 33 + ge 44 + e i2 
C22 = en + e 22 + e 33 + g _1 e 44 


ft = 


fe * 0) 
e 
0**0 

{0 * *) 




dirndl 
6 

diml 
2 


I = 


fa (3 0^ 
a 
a 

^0 oj 




A,- = -5, = -q~'(3 
C 3 =(3 
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CASE 5.4) 


C12 = «e 34 
C 21 = 

Cn = <? 2 /3en + q 2 Pe 22 + 7e33 + ie u + Pe 12 
C 22 = I3~ l eu + /3 _1 e 22 + g7 _1 e 33 + 7 _1 e 4 4 


ft = 


/e * 0\ 
e 
* * 

VO *) 




dim^R, 
5 

diml 
3 


I = 


fa 7 0^ 
a 
0/30 

\ /3y 




A, = Cj = 


CASE 5.5) 


C12 = aei 3 
C 21 =0 

C n = g 2 /3e n + g 2 /3e 22 + q 2 pe 33 + <5e 44 + pe 12 
C 22 = p~ 1 e 11 + p~ l e 22 + q^P^e^ + 5" 1 e 44 




f e * * \ 
e 
0*0 

vo *y 




dim^R 
5 

diml 
3 


J = 


fa 7 0\ 
a 
a 

Vo pj 




A 3 =Cj = 


CASE 5.6) 


C 12 = 
C 2 i = ae 32 

Cn = ? 2 /3en + g 2 /3e 22 + g/3e 33 + <5e 44 + (3e 12 
C 22 = P^eu + p~ l e 22 + p^eaa + <J _1 e44 




/e * 0^ 
e 
0**0 

Vo *y 




dimM 
5 

diml 
3 


I = 


(a 7 0\ 
a 
a 

Vo p) 




= -0Bj = -bp 


CASE 5.7) 


C 12 = 

c 21 = o 

Cn = g 2 ae n + g 2 ae 22 + /3e 33 + 7e 44 + aei 2 
C 22 = a _1 e u + a _1 e 22 + g/3 _1 e 33 + 7 _1 e 44 


3? = 


fe * 0^ 
e 
0*0 

Vo *) 




dimlR 
4 

diml 
4 


7 = 


(1 v 0\ 

7 
0/30 
\0 a) 




A, =Cj = 
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CASE 6) d=diag(q , 1, 1) + 634 



CASE 6.1) 


C 12 = 
C 2 i = ae 2 i 
Cn = g/3en + /3e 22 + ie 33 + 5e 44 + 5e 34 
C 22 = qP^eu + qp~ 1 e 22 + 7 _1 e 33 + 5 _1 e 44 
either 7 = 8 — /3 or 7 = 5 = qj3 
or 7 = 5 7^ /3 or 7 = <5 7^ g/3 


3? = 


/* 0\, 

* * 

e * 
\0 ej 




dimM 

r 


diml 
3 


I = 


la 0\ 
a 

0/37 

\o p) 




A,- = -q~ l PB 3 


CASE 6.2) 


c 12 = o 

C 2 i = ae 2 i 

Cn = q(3e n + /3e 22 + 7e33 + 8e 44 + Se u 
C22 = g/3 _1 en + q(3~ 1 e 2 2 + 7 _1 e 33 + <5 _1 e 44 
neither 7 = 5 — /3 nor 7 = 8 = qf3 
nor 7 = 5^/3 nor 7 = <5 7^ g/3 




/* 0\ 

* * 
* * 

Vo *) 




dimM 
6 

diml 
2 


/ = 


//3 \ 
0/300 
a 

\0 a) 




^ _ 7-5 °J 


CASE 6.3) 


Ci 2 = ae 2 4 + /3ei 2 

C 21 = 

Cn = 1 + e 34 

C 22 = g 2 en + ge 22 + e 33 + e 44 




f* * 0\ 
* * 
e * 

V0 e) 




dimM 
6 

diml 
2 


/ = 


fa 0^ 
a 
a (3 

{0 a) 




4 = Q = 
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CASE 6.4) 


Ci2 = /3ei2 
C 21 =0 

Cn = aen + ae 22 + 7 e 33 + ie 4 4 + ie 34 
C 22 = ^en + f e 22 + 7 _1 e 3 3 + 7^44 


3? = 


f* * 0\ 
0*00 
e * 

V0 e) 




dimM 
5 

diml 
3 


7 = 


fa 0^ 
a 

0/37 

Vo p) 




^ = C 3 ; = 


CASE 6.5) 


C12 = /3ei2 
C 21 = 

Cn = aen + «e 22 + 7e 33 + 5e 44 + <5e 34 
C 22 = ^en + f e 22 + 7 _1 e 3 3 + 5~ l e AA 




(* * 0^ 
0*00 
* * 

U *y 




dimM 
6 

diml 
2 


I = 


(a 0^ 
a 
0/30 

^0 p) 




c 3 = \ 

7-5 


CASE 6.6) 


C12 = <5e 24 
C 21 = 

Cn = aen + /3e 22 + 7e 33 + /3e 4 4 + (3e 3A 
C 22 = £en + |e 22 + 7-^33 + /3" 1 e 4 4 

either a = /3 = 7 or 7 _1 = g 2 a _1 = /3 _1 




^* 0^ 
* * 

e * 
V0 ej 




dim^R, 
5 

diml 
2 


I = 


(a 0^ 
0/300 
0/30 

^0 p) 




= -/3-M, 
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CASE 6.7) 


C12 = <5e 24 
C 21 = 

C n = aeu + /3e 22 + + /3e 44 + /3e 34 
C 22 = ^e n + |e 22 + 7-^33 + /3- 1 e 44 

neither a = (3 = 7 nor I/7 = g 2 /a = 1//3 


3? = 


^* 0^ 
* * 
* * 

Vo *y 




dim^t 
6 

diml 
2 


I = 


/a 0^ 
0/300 
0/30 

\0 /3y 




A j = -PB 3 
Bj = P 2 B 3 


CASE 6.8) 


C 12 = 

C21 = /3e 32 

Cn = aeu + <27e 22 + 7e 33 + <5e 44 + <5e 34 
C22 = ^en + 7 _1 e 22 + 7 _1 e 33 + <5 _1 e 44 

either a = 7 = 5 or «^7^5 




^* 0\ 
0*00 

* e * 

^o e y 




dimM 
5 

diml 
3 


/ = 


/a 0^ 
0/300 
0/37 

\o p) 




For «^7^5 

D 3 7-5 

For a = 7 = 5 


CASE 6.9) 


C 12 = 

C21 = /3e 32 

Cn = aeu + qie 2 2 + 7e33 + 5e 44 + 5e 34 
C 22 = ^en + 7~ 1 e 22 + 7 _1 e 33 + <5 _1 e 4 4 

neither a = 7 = 5 nor a 7^ 7 7^ <5 




^* 0^ 
0*00 
* * * 

Vo *) 




dimM 
6 

diml 
2 


/ = 


/a 0\ 
0/300 
0/30 

\o p) 




Aj = B j= 

n 5- 1 - 7 - 1 
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CASE 6.10) 


C 12 = 

c 21 = o 

Cii = 1 + e 34 

C22 = g 2 en + ge 22 + e 33 + e 44 


3? = 


/* 0^ 
0*00 
e * 

{0 e J 




dimM 
4 

diml 
4 


7 = 


fa 0^ 
0/500 
7 5 

\0 7^ 




A,-, By, Cj arbitrary 


CASE 6.11) 


C 12 = 

c 21 = o 

C u = ae u + (3e 22 + 7e 33 + 5e u + <5e 34 
C22 = ^e u + |e 22 + 7 _le 33 + e _1 e 44 




(* 0\ 
0*00 
* * 

{0 0*J 




dimM 
5 

diml 
3 


7 = 


(a 0^ 
0/500 
7 

v 7) 




_ 5( 7 -i- e -i) 
- 7 -«S 



Table. GL 2 representations, corresponding operator algebras 3?, alge- 
bra of Invariants which are used to define non trivial Hamiltonians for four 
states quantum chains and the coefficients in the unique expression for these 
Hamiltonians are presented. The classification used is given by means of the 
different determinants in GL 2 . 
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4 Summary and Conclusions. 



We are able of showing the way to construct all possible Hamiltonians for 
four states quantum chains with Dipper-Donkin global symmetry, for q m ^ 1. 
This is done, although the Dipper-Donkin quantum group has non central but 
group-like determinant. We use the algebra of invariants for the actions of 
GL2 on C(l, 3) which corresponds to the centralizer of the operator algebra, 
or image of the representation. 

It is straighforward to see that in all the possible cases the perturbation of 
the corresponding action is zero. Moreover, there are only few cases where all 
generators are not null. This occurs whenever the algebra of invariants is of 
the form al+/3ea + i or aea+f3ejj (being (u) = (ll) and (jj) = (22) = (33) = (44) 
or (ii) = (22) and (jj ) = (11) = (33) = (44)). We find out that all the Hamilto- 
nians for four states quantum chains with Dipper-Donkin global symmetry 
have the following unique form 

L-l 

H =^2 id® ... (8) id (8) (jTj <g> 7r 3 -+i)[Q^(A(Aj-d + BjC n + CjCjb))] ® id- ® id, 

and we provide with the specific values for Aj, Bj and Cj in all cases. Some 
concrete examples, written in terms of m± and s^n are also introduced. 



We report elsewhere |]To[j the complete classification of all inner actions 
of the Dipper-Donkin quantum group on the C(l,3) algebra. In that paper 
can be seen how all invariants of the corresponding CASE 4) generate trivial 
Hamiltonians (this is not shown in current paper), all invariants of the corre- 
sponding CASE 5) are C ®C (this is CASE 4) in current paper), and finally 
all invariants of the corresponding CASE 6) (in current paper CASE 5)) are 
diagonal plus f3e\2- It is also remarkable that all invariant algebras used to 
construct Hamiltonians with Dipper-Donkin global symmetry for four states 
quantum chains, are either diagonal or have elements in the diagonal plus 

P e ii+1- 
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